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Abstract
This paper models the non-linear ﬂexural response of laminates that have piecewise variation of lay-up in the planform,
using ﬁnite element analysis. Attention is focused on the eﬀects that thermal stresses have on the potential multiple shapes
of a composite structure. Unsymmetric laminates may possess more than a single equilibrium conﬁguration, and during
the cool-down the solution thus bifurcates at a critical temperature. In static analyses, numerical solutions are often coaxed
to converge into one or the other branch of the solution. A methodology to overcome this problem is presented. Such modelling is necessary to allow application of multistable composite within morphing aircraft structures as multistable composites could provide a viable solution for the realisation of shape-adaptable structures.
 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
The always present need for better aircraft performance is increasingly prompting designers towards the
realisation of ‘morphing’ or ‘shape-adaptable’ structural systems. Such systems should simultaneously fulﬁl
the contradictory requirements of ﬂexibility and stiﬀness. The practical realisation of this class of structures
is a particularly demanding goal for designers with substantial eﬀort still required. To keep the structural
weight and complexity to a minimum, thermally induced multistable composites could provide a viable solution. Composite materials made of orthotropic layers can develop a residual stress ﬁeld when subjected to a
thermal ﬁeld that varies with time (Hyer, 1982). The thermal stresses are caused by the mismatch of coeﬃcients
of thermal expansion along ﬁbres’ direction (e.g. o(108) for the longitudinal direction and o(106) for the
transverse direction). Furthermore, if the material is not stacked symmetrically with respect to the mid-plane,
bending and twisting moments are generated within the laminated structure, resulting in out-of-plane displacements. This happens during the curing process of a composite structure, when the material is heated up to
170 C to achieve a desired degree of cure and subsequently cooled down to room temperature. The material
displacements are often diﬃcult to predict accurately and are mostly unwanted and therefore unsymmetric
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stacking sequences are generally avoided during manufacturing. On the other hand, if the thermal behaviour
of such material is thoroughly understood, its eﬀects could provide an economic way to obtain structures with
complex geometries or even with multiple equilibrium conﬁgurations. A few examples of structures obtainable
from a ﬂat tool are shown in Fig. 1 and 2. Most of the studies on bi-stable unsymmetric composites are related
to simple geometries such as square or rectangular plates and so far only free boundary conditions have been
considered. Hyer (1981) investigated the cured shape of thin unsymmetric laminates and developed an analytical model able to predict their stable shapes. More recently the model has been extended to predict the snapthrough between the diﬀerent stable conﬁgurations using shape memory wires or piezoelectric patches as actuators. Hufenbach and Gude (2002) developed a similar model, considered piezoceramic actuators and
included the eﬀects of moisture and failure of the material. A more general approach, mainly based on experiments, has been followed by Potter and Weaver (2004) and Gigliotti et al. (2004) to investigate the generation
of out of plane displacements, bifurcation and snap-through of unsymmetric laminates. The presence of more
than a single equilibrium state provides a great advantage to the designer such that one structure can achieve
multiple geometric conﬁgurations without an additional mechanism. The possibility of snapping (bifurcating)
from one conﬁguration to another by means of an actuation system (Portela et al., 2005; Schultz and Hyer,
2003) expands the range of possible applications of these type of structures as the actuator is only required to
provide energy during the snap-through process and not to maintain a conﬁguration since both are stable
(Mattioni et al., 2005, 2006). This paper outline a numerical procedure to identify the equilibrium shapes
of a more general type of bi-stable structures where only a part of the laminate is made with an unsymmetric
stacking sequence, therefore accounting for the interaction with neighbouring structures. Detailed modelling
of the elastic response during the transition between the diﬀerent stable shapes is presented using diﬀerent
numerical algorithms.

Fig. 1. Variable curvature shell.

Fig. 2. Bi-stable square plate.
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Fig. 3. Incremental solution method.

2. Cool-down and equilibrium shapes
For this analysis, the most important part of the manufacture is the cool-down after the curing process
which is when the residual stresses are built in to the laminate. The asymmetric thermal expansion is the main
cause for the stress generation and the stability characteristics of the plate are entirely deﬁned once the temperature reaches the ‘room’ value. It has been observed that the resin properties can vary signiﬁcantly with
moisture absorption, however for the purpose of this analysis its eﬀects will be neglected and the study will
assume the temperature as the independent variable. Moisture can eventually be taken into account by using
moisture coeﬃcients but this is not relevant here as interest is focused on dry laminates. The presence of multiple equilibrium states implies that during the cooling process a singular point in the equilibrium path of the
structure is encountered. Within ABAQUSTM the incremental formulation of the ﬁnite element approach to
non-linear analysis (as shown in Fig. 3) is (Bathe, 1982; Fujikake, 1995)
KðtÞDU ¼ P ðt þ DtÞ  IðtÞ

ð1Þ

where K(t) is the tangent stiﬀness matrix of the ﬁnite element model at time t (which is a function of the stress
and displacement in the structure), DU = U(t + Dt)  U(t) is the vector of nodal incremental displacements,
P(t + Dt) is the vector of externally applied nodal loads at time t + Dt (in this particular case, it is a function
of the temperature) and I(t) is the vector of nodal forces corresponding to the internal stress at time t. If the
structure is in a state of stable equilibrium, K(t) is positive deﬁnite (i.e. all its eigenvalue will be real and positive) whereas it is non-positive deﬁnite if the structure is in a state of unstable equilibrium (i.e. it allows the
possibility of a zero eigenvalue). If a negative eigenvalue is found during the numerical simulation, the solution
jumped over a singular point and found an unstable equilibrium conﬁguration. This may not aﬀect the accuracy of the solution, but means that between two successive increments there exists a conﬁguration for which
the tangent stiﬀness matrix is singular, which is a condition typical of limit and bifurcation points. There are
various strategies for dealing with this issue. For snap-through problems a dynamic scheme is the most suitable because this approach accounts for the inertia eﬀects. However, dynamic schemes can be very expensive
from the computational point of view and, as explained later, require a detailed description of the damping
characteristics of the structure. For these reasons a diﬀerent strategy, based on a modiﬁed static simulation,
has been employed to perform the analysis, as detailed in Section 3.
3. Solution strategies
A square plate, of suﬃcient length, with a stacking sequence of [02/902]T, if cured ﬂat at a high temperature
and then allowed to cool-down, has a cylindrical shape that can be easily snapped into a second cylindrical
shape by the application of a force. This type of plate has been thoroughly analysed by Dano and Hyer
(1998). To highlight the possible interaction with more complex systems, a diﬀerent structure is now considered. This structures consists of a rectangular plate made of both symmetric and unsymmetric laminates. The
stacking sequence and the material properties used are shown in Fig. 4 and Table 1 while Fig. 5 shows the two
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Fig. 4. Stacking sequence for the bi-stable panel.
Table 1
Material properties of carbon ﬁbre laminates used throughout the analysis
Material

E11 (GPa)

E22 (GPa)

G12 (GPa)

v

a1 (1/C)

a2 (1/C)

t (mm)

T300/914

130

10

4.4

0.3

1.8e  8

30e  6

0.125

Fig. 5. Equilibrium conﬁgurations.

stable shapes. This geometry has signiﬁcant relevance to the use of multistable composites for morphing applications. The numerical simulation does not take into account irregularities in the internal structure due to the
local variation in ﬁbre tow thickness, direction and local resin content. For these reasons very thin laminates
have been avoided as such eﬀects are more evident and 4- and 8-layered plates have been chosen as a basis for
the analysis. The numerical simulation is divided in two sections: the ﬁrst reproduces the cool-down after the
curing process and the second simulates the transition between the stable shapes obtained.
3.1. Cool-down simulation
The cool-down analysis predicts the various equilibrium conﬁgurations. The physical process itself takes a
considerable time to complete (a few hours depending on the curing cycle that the material requires) and therefore it can be considered as a quasi-static process. The ﬁnite element analysis was performed with the commercial software ABAQUS. A ‘*Static’ step was used to perform a non-linear static analysis and a ‘*Static,
stabilise’ step was used to perform the pseudo-dynamic non-linear analysis. The cool-down was simulated
by applying an initial temperature of 140 C and a ﬁnal temperature of 0 C to all of the nodes of the model.
Mechanical loads are generated by the temperature diﬀerence and no external force is applied to the specimen.
For this reason no signiﬁcant velocities are developed by the material particles and therefore this step can be
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modelled either statically or dynamically without a detailed deﬁnition of the damping properties of the material. The main diﬃculty, during the cool-down simulation, is presented by the existence of a bifurcation point
given by a value for the temperature beyond which two solutions are possible. The general approach is to
impose a geometric imperfection to the structure to coax the solution to converge to one conﬁguration rather
than the other. This approach generally works well for square plates where removing the double symmetry
eliminates the bifurcation. However, for the chosen conﬁguration there is no such symmetry and the sensitivity
with respect to imperfections is smaller. Therefore, a diﬀerent method was required. It has been observed that
the static algorithm converges to one equilibrium shape whereas the dynamic algorithm always converges to
the other shape. This diﬀerence is due to the inertia contribution which the dynamic analysis accounts for and
requires further explanation. Fig. 6 shows the potential energy as a function of the temperature during the
cool-down. Note that the potential energy of the ﬂat conﬁguration at the equilibrium is slightly higher than
the one of the curled conﬁguration at the equilibrium (2322 J for the ﬂat conﬁguration and 2244 J for the
curled conﬁguration). Since the initial conditions of the two analyses are exactly the same, a bifurcation in
the diagram is expected. If the cool-down is simulated with a static algorithm, the potential energy of the plate
is coincident with the strain energy as there is no other contribution. If the dynamic algorithm is used, the
potential energy is the result of the strain plus the kinetic energy. In this way two separate energy curves (that
lead to the two diﬀerent states) are obtained, the static curve always being below the dynamic one that converges to the higher equilibrium conﬁguration because of the kinetic energy contributions. This is conﬁrmed
by the fact that when the dynamic algorithm is used, it is possible to coax the numerical scheme to converge to
either shape by varying the mass density of the model. The ﬁnal value of the potential energy in each conﬁguration does not depend on the mass density. If the mass density is below a critical value, then the curled shape
is always obtained since the kinetic energy is not suﬃcient to trigger the jump between the two solution
branches. If the mass density is above the critical value, the kinetic energy will then be greater than the difference in the energy curves and a switch is then possible. This is clearly shown in Fig. 7 where the solid line
represents the diﬀerence between the potential energies (i.e. the potential energy of the ﬂat shape minus the
potential energy of the curled shape). The lines with circles and those with triangles represent, respectively,
the kinetic energy for values of the mass density below and above the critical value. It is evident that for values
of the temperature between 130 and 135 C, the kinetic energy is well above the diﬀerence between the two
curves and therefore a jump from one branch to another is possible (see Section 4.1). This explains why
the dynamic schemes converge to a diﬀerent solution, however as said before these schemes are computationally expensive and an alternative strategy was found with the pseudo-dynamic solution implemented in Abaqus/StandardTM. This is in fact a static algorithm that adds viscous forces to damp local instabilities when
convergence is diﬃcult to achieve. The automatic stabilisation, implemented in ABAQUS/StandardTM, adds
viscous forces to the global equilibrium equation:
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Fig. 6. Potential energy versus temperature for the two equilibrium conﬁgurations.
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Fig. 7. Eﬀects for the inertia to the kinetic energy contribution.

P  I  Fv ¼ 0

ð2Þ

where P and I are respectively, the external and the internal force vectors. Fv represents the viscous forces and
has the form of
F v ¼ cM  v

ð3Þ

where M* is the artiﬁcial mass matrix calculated with unit density, c is the damping factor chosen as a fraction
of the dissipated energy and v is the vector of nodal velocities. In this way, since the mass density is ﬁxed to
one, the additional control on the potential energy is originated by the viscous forces and it is then possible to
converge to either of the equilibrium states by modifying the amount of artiﬁcial damping used. Diﬀerently
from the dynamic schemes, with the pseudo-dynamic the equilibrium conﬁguration can be aﬀected by the
amount of damping and to ensure accuracy it is important to choose c as the smallest value that suppresses
the local instabilities (values of the damping coeﬃcients are shown in Table 2). This is done by increasing its
value until the ‘negative eigenvalue warnings’ disappear (i.e. no singular point is encountered). The contour
plots in Fig. 8, show the distribution of the viscous dissipation energy and the total strain energy of the model.
Fig. 9 shows a comparison of the two energies for an element on the top left corner of the plate, where the
viscous forces reach their maximum value. It can be observed that this value does not exceed 4% of the total
strain energy therefore it can be stated that the artiﬁcial damping is not aﬀecting the global accuracy of the
solution. The dynamic analysis, whether it uses the explicit or the implicit integration scheme, has been shown
to converge to the same equilibrium shape as in the pseudo-dynamic analysis.
3.2. ‘Snap-through’ simulation
The ‘snap-through’ analysis describes the elastic response of the structure when loaded with a concentrated
force. The plate is now simply supported at the four corner nodes and a vertical force is applied at the centre of
Table 2
Damping factor used during static stabilised analyses
Damping factor

Plate dimensions (mm)

Number of layers

2.5e  7
3.5e  5
3.9e  6
8.3e  6
2.5e  5

180 · 360
180 · 360
300 · 600
300 · 600
300 · 600

4
8
4
8
12
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Fig. 8. Contour plot of the viscous dissipation energy and of the total strain energy.

Fig. 9. Viscous damping energy and total strain energy comparison.

the unsymmetric part to simulate the actuator, as shown in Fig. 10. During the application of the load, the
structure will ﬁrst deform elastically (i.e. a linear relationship between force and displacement). When the force
reaches a critical magnitude, the structure will buckle and eventually rest in the other stable conﬁguration once
the load is removed. From the static point of view this problem represents an unstable collapse and ‘arclength’ methods are often considered to be the preferred tool. The arc-length method considers the magnitude

Fig. 10. Boundary conditions for the ‘snap-through’ analysis.
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of the applied load as an additional unknown whose value is determined together with the displacement, by
solving a modiﬁed Newton–Raphson scheme. The approach is equivalent to a displacement-controlled analysis test and it has been successfully applied to describe the response of structures such as shallow arches
(Cerini and Falzon, 2005). However, for the panel analysed in this paper, the presence of the bifurcation
and the relatively low stiﬀness of the plate, meant that the ‘arc-length’ methods did not prove suﬃciently
robust. The pseudo-dynamic solution algorithm provided good results and good agreement was found when
these results were compared with those from the explicit dynamic analysis. Section 4 presents a selection of the
numerical results obtained.
4. Prediction of equilibrium conﬁgurations with FEA
For static analysis the panel is modelled using 800 four noded shell elements (S4R), the number of nodes is
861 and the total number of degrees of freedom is 5166. To reduce the highest natural frequency and reduce
the computation time, the dynamic analysis has been performed with a coarser mesh where the number of elements has been reduced to 200 elements (S4R), with 231 nodes and 1386 is the total number of degrees of freedom. The stacking sequence, for the diﬀerent number of layers tested, is shown in Table 3. The plate is
clamped in the geometric centre to suppress rigid body motions and to reproduce free-free boundary conditions. The predicted equilibrium conﬁgurations at room temperature are shown in Fig. 11(a) and (b). A comparison with Fig. 5 shows an overall good agreement with the experimental shapes for the 8-layered plate. The
ﬁnite element analysis and the experimental data will be compared along the lines shown in Fig. 12. Fig. 13
Table 3
Stacking sequences for diﬀerent number of layers
Number of layers

Stacking seq. symm. part.

Stacking seq. unsymm. part.

Total laminate thickness

t ¼ thickness
width

4
8
12

[0/90]S
[02/902]S
[03/903]S

[02/902]T
[04/904]T
[06/906]T

0.5
1
1.5

1/360
1/180
1/120

Fig. 11. Numerical equilibrium shapes.

Symmetric free-edge

Longitudinal cross-section

Usymmetric free-edge

Fig. 12. Position of the longitudinal and transverse cross-sections.
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Fig. 13. Experimental validation: longitudinal cross-section for the 8-layered plate.

shows a comparison between the longitudinal cross-sections for the ﬁrst and the second equilibrium conﬁguration. The maximum diﬀerence reaches a local value of 8% for the curled conﬁguration in the region close to
the unsymmetric free-edge (right hand side of Fig. 13(a)). For the second equilibrium conﬁguration the most
critical area in the one close to the boundary between the symmetric and the unsymmetric part. Here the error
reaches a maximum value of 8.5% (central part of Fig. 13(b)). Fig. 14 shows a comparison between the transverse cross-sections in the second shape. The same results for the 4- and 8-layered plates are shown from Figs.
15–17. In the deformed conﬁgurations, the unsymmetric portion of the panel exhibits a cylindrical deformation with generators either parallel to the x-axis (second shape) or to the y-axis (ﬁrst shape). As explained previously, this is due to the unsymmetric stacking sequence that causes the structure to buckle under the thermal
load. During the ﬁrst few incremental iterations of the analysis, when the temperature change remains small
(approximately 10 C) and the displacements are within the linear range, the shell always deforms into a saddle
conﬁguration ﬁrst (displacements are shown in Fig. 18). The equilibrium path then bifurcates and the two
solution schemes converge to the diﬀerent geometric shapes. This point is further clariﬁed in the following
section.
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Fig. 14. Experimental validation: transverse cross-section for the 8-layered plate.
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Fig. 15. Experimental validation: longitudinal cross-section for the 4-layered plate.
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Fig. 16. Experimental validation: transverse cross-section for the 4-layered plate.

4.1. Curvature–Temperature diagram
The temperature diﬀerence generates out-of-plane displacements in the plate that can be quantiﬁed in terms
of principal curvatures (kx and ky). It is instructive to examine the principal curvatures of the unsymmetric
portion of the panel. Figs. 19 and 20 show the curvature–temperature diagram for the 180 · 360 mm panel,
with diﬀerent number of layers (4 and 8, respectively). At 140 C (right hand side of the diagram), the plate
is ﬂat; as soon as the temperature decreases, the deformations (i.e. the curvatures) start to develop; the ﬁnal
state is obtained when the temperature reaches 0 C (left hand side of the diagram). The magnitude of the curvature depends greatly on the thickness of the plate and it decreases as the number of layers increases. The
values shown in the diagrams are average values; however they are suﬃcient to describe the geometry in
the two diﬀerent states of equilibrium. Fig. 21 shows kx and ky versus temperature for the only conﬁguration
of the 12-layered plate, as it is too thick to have two equilibrium states. There is a critical value for the nondimensional thickness t*, (deﬁned as the ratio between the thickness and the width of the plate) above which
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Fig. 17. Experimental validation: 1st shape longitudinal cross-section for the 12-layered plate.

Fig. 18. Initial saddle shape (displacements 100·).

Fig. 19. Principal curvature for the ﬁrst shape.

the shell does not have a bi-stable behaviour. The 8-layered plate is bi-stable and has a value for t* of
1
1
ð5:5e  3Þ. The 12-layered plate has t* equal to 120
(8.3e  3) and it is not bi-stable, therefore tcr is an inter180
1
1
mediate value between 120 and 180. Similar considerations regarding the non-dimensional thickness have been
reported by Gigliotti et al. (2004). Another important parameter, that can be obtained from the curvature-
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Fig. 20. Principal curvature for the second shape.

Fig. 21. Principal curvature for the 12-layered plate.

temperature diagrams, is the critical temperature Tcr: for T > Tcr, ky is nearly equal to kx and for each value
of the temperature there will be only one possible conﬁguration (i.e. the saddle conﬁguration). For T < Tcr,
there will be two solutions for each value of T, either ky  kx (ﬁrst cylindrical shape) or kx  ky (second cylindrical shape). The value of Tcr is most easily identiﬁed in Fig. 22, where for convenience kx is plotted. For the
8-layered plate Tcr is 93 C whereas for the 4-layered plate Tcr is 130 C. For values of the temperature above
Tcr, the principal curvatures are nearly equal and opposite as expected for a saddle shape conﬁguration. Below
Tcr the diﬀerence between kx and ky diverges until an almost perfect cylindrical shape is achieved. Fig. 19 also
shows a linear dependency of the principally curvatures with temperature when T < Tcr. This suggests that
excluding the initial non-linear region of the diagram, the linear theory gives a good approximation of the
major curvature of the unsymmetric part in the 1st shape, where the constraint imposed by the symmetric part
of the panel seems to have a marginal eﬀect on the overall behaviour of the rectangular plate. When considering the ﬁrst conﬁguration, the displacements of the unsymmetric part match closely those of a 180 · 180 mm
unsymmetric plate with free edges and the same stacking sequence. Therefore the eﬀect of the symmetric part
is only to rigidly rotate the unsymmetric portion and when considering the curvature its eﬀects can be
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Fig. 22. Identiﬁcation of Tcr.

neglected. This point is important as it suggests that stable ‘bi-stable states’ may be represented in terms of a
relatively simple, linear model. To show this possibility, values of the principal curvatures for a 180 · 180
unsymmetric plate are obtained with classical lamination theory and compared with those of the unsymmetric
part obtained with the non-linear ﬁnite element analysis. According to classic lamination theory, the stress
resultants are related to the mid-plane strains and curvatures through (Jones, 1999).
"
# 
  0
A B
e
N þ N th
ð4Þ
¼
 0
th
B
D
k
MþM
where A, B and D are the laminate stiﬀness matrices and N and M represent the stress resultant vectors, and e0
th
and k0 are the strain and curvature vectors, respectively. It is noted that the thermal stress resultants, N th
i , Mi
are given in terms of transformed stiﬀnesses, Qij, thermal expansion coeﬃcients, aj, and ply position, hj, by
N th
i ¼

Nl X
N
X
k¼1

M th
i

1
¼
2

ðkÞ ðkÞ

Qij aj ðhk  hk1 ÞDT

j¼1

Nl
X

N
X

k¼1

j¼1

ðkÞ ðkÞ 
Qij aj h2k



h2k1


DT

ð5Þ

where Nl is the total number of layers. By rearranging Eq. (4) and imposing zero mechanical loads N and M,
the principal curvature vector may be expressed in terms of the thermal forces and moments as


1
1
k 0 ¼ ðD  BA1 BÞ BA1  N th þ ðD  BA1 BÞ  M th
ð6Þ
where the dependency on temperature change is contained within the terms Nth and Mth as shown by Eq. (5).
All the other quantities are determined by the material properties and the stacking sequence and therefore are
constant for a given laminate. From a closer inspection of Eq. (6) the curvature vector k0 is linear with respect
to DT and the slope can be computed as
2 3
kx


7
1
1
1 dN th
dk 0
d 6
dM th
k
¼
ðD

BA
¼
BÞ
BA
þ
ð7Þ
4
5
y
dDT
dDT
dDT
dDT
k xy
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Table 4
Analytical and numerical ky-curvature of the unsymmetric part of the 180 · 360 plate
Number of layers

Analytical  linear

4
8
12

0.053
0.0246
0.0177

1
m C

The ith component is
Nl X
N 
X
dk 0i
1 ðkÞ ðkÞ
ðkÞ
¼
Qij ðhk  hk1 Þ þ Qij aj ðh2k  h2k1 Þ
2
dDT
k¼1 j¼1

Numerical  non-linear
0.05021
0.0265
0.0173

1
m C

D%
5.6
7.7
2.3

ð8Þ

The values for kx and ky obtained with Eq. (6) and those of their slopes obtained with Eq. (8) are equal and
opposite, as expected from the linear theory. However, the analytical value of ky closely matches the non-linear, numerical solution (a comparison is shown in Table 4). If a system of hypothetical external loads is imposed that eliminates the anticlastic curvature kx = ky leaving the other curvature unchanged, then the
resulting deformed shape would be very similar to that predicted with the non-linear FE analysis. In this
way the hypothetical external loads would represent the correction required to the linear theory agree with
the experimental observation. This simple result allows linear classical lamination theory to model deﬂections
in the large displacement regime. Eﬀectively, once the ﬂat plate bifurcates upon cool-down into one of the
cylindrical shapes, this shape responds linearly with temperature,and complicated non-linear modelling (to
capture the bifurcation) is not required. Finally, it is noted that the small diﬀerence in computed values of
the curvature’s slope may be attributed to localised non-linear eﬀects, particularly those occurring in the vicinity of the critical temperature.
5. Load–Displacement diagram
In this section, the results of the snap-through analysis are presented. The aim of this analysis is to compute
the maximum out-of-plane load that the panel can withstand before changing conﬁguration. To obtain the
load corresponding to the limit point, the cool-down of the plate is modelled ﬁrst. Then in a second step,
the following boundary and loading conditions are applied (see Fig. 10).
(1) The four corner nodes of the shell are restrained from moving along the vertical axis.
(2) The geometric centre of the unsymmetric part of the shell is constrained to move along the vertical axis.
(3) A concentrated force, again parallel to the vertical axis, is applied to the centre of the unsymmetric part.
A ‘*Static, stabilise’ step is then performed. This methodology is equivalent to the one used by
Tawﬁk et al. (2007). From the experimental point of view, this technique is equivalent to a load-controlled
test. A set of experiments were carried out to validate the numerical prediction of the loads. The Instron
3343 Single Column System was used to perform the snap-through. The load was applied through a steel
rod connected to a 1 kN force transducer with a controlled speed ranging from 0.01 m/s to 0.1 m/s. The
load–displacement (i.e. reaction force–displacement) curves were then measured and compared against the
numerical prediction. Fig. 23 shows the numerical load–displacement plot for the 180 · 360 mm panel with
diﬀerent number of layers. As expected, the critical load increases considerably with the thickness. In Table
5 the value of the numerical and the experimentally measured loads are reported. It must be noted that despite
having a single stable equilibrium conﬁguration, the 12-layered plate still exhibits a non-linear structural
response. After the critical load is reached, the plate snaps in to the second conﬁguration. However, soon after
the load is removed the plate snaps back in to the original shape. Fig. 24 shows a comparison between the
applied load and the sum of the reaction forces at the four corner nodes for the same plate (8 layers). These
curves are then compared against the experimental data in Fig. 25. During the experiments, data were measured from the beginning of the test until the snap-through. After this the specimen is disconnected from the
load cell and therefore the tests were stopped to avoid inaccuracies. The same numerical results, but for a
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Fig. 23. Stabilised load–displacement diagram for diﬀerent number of layers.

Table 5
Critical load for diﬀerent number of layers
Number of layers

Numerical (N)

Experimental (N)

D%

4
8
12

4.92
12.9
17.98

4.65
12.18
22.2

5.8
5.9
19

Fig. 24. ‘Snap-through’ diagram from shape 1 to shape 2 for the 180 · 360 mm panel.

bigger panel (300 · 600 mm) are reported in Fig. 26. The diﬀerence between the two curves can be regarded as
a measure of the eﬀect of the viscous damping during the analysis. For loads less than the limit load the behaviour of the two analyses is identical. Once the limit load is exceeded, the structure becomes unstable and while
the curve with circular markers continues horizontally due to stabilisation, the one with triangular marker follows the unstable equilibrium path. Eventually the curves meet again in the new stable portion of the diagram
since the vertical equilibrium of forces must be satisﬁed. The ‘Reaction Force’ curve is a measure of the force
required to maintain the static equilibrium at a given position. Clearly the points on the curve segment
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Fig. 25. Comparison of the ‘Snap-through’ diagram with the experimental data.

Fig. 26. ‘Snap-through’ diagram from shape 1 to shape 2 for the 300 · 600 mm panel.

Fig. 27. Intermediate deformations during snap-through from shape 1 to shape 2.
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between points A and C are conﬁgurations of unstable equilibrium. Point B highlights an intermediate state of
unstable equilibrium already described experimentally by Potter and Weaver (2004). It seems that the snapthrough does not occur symmetrically but ﬁrst one side of the unsymmetric part is reversed, and then the other
side follows the curvature reversal. This phenomenon has been encountered mainly when trying to snap the
plate from the ﬁrst shape to the second shape. During the inverse transformation, the snap-through follows
a more direct path and the intermediate states are more diﬃcult to identify. Fig. 27 shows the intermediate
deformation state corresponding to point B, where half of the unsymmetric part has its curvature reversed
while the other not. Fig. 28 shows the ‘snap-through’ diagram as Fig. 24 but for the inverse transformation
(from the second shape to the ﬁrst one). Once the limit load is reached the reaction force drops almost linearly
until the next conﬁguration is reached. This diﬀerence is explained by the internal constraint that the symmetric part of the plate introduces. The constraint acts principally during the transition from the ﬁrst shape to the
second shape because its main eﬀect is to prevent the curvatures along the x-axis to develop freely. The same
diagram computed for the 300 · 600 mm panel is shown in Fig. 29.

Fig. 28. ‘Snap-through’ shape 1 to shape 2 and vice versa, 180 · 360 mm.

Fig. 29. ‘Snap-through’ shape 1 to shape 2 and vice versa, 300 · 600 mm.
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Fig. 30. Static versus dynamic ‘snap-through’ diagram for the 300 · 600 mm panel.

6. Explicit integration analysis
As mentioned in the previous section the explicit analysis can provide a complete description of the snapthrough because it takes into account the eﬀects of inertia (Crisﬁeld, 1997a,b). However, a more detailed characterisation of the material properties is essential and therefore more user inputs are required. Both the explicit-dynamic analysis and the stabilised algorithm always converge to the same shape as expected since their
objective is to reach the closest stable equilibrium as quickly as possible for a given load. It is possible to compare the steady state response of the dynamic analysis with the results of the static analysis. However, the
oscillatory part of the dynamic analysis (i.e. the transient when the plate change conﬁguration) and the incremental iteration of the static analysis are two completely diﬀerent problems and therefore not comparable.
Matching the results (i.e. especially forces) obtained with the static method presents some diﬃculties since
the two type of analysis are intrinsically diﬀerent: the static analysis is dominated by the stiﬀness properties
of the model whereas the dynamic analysis is heavily dependent on the mass and damping characteristics.
To monitor the reaction forces during the snap-through process required accurate modelling of the transient
process during which the plate jumps from one shape to the other and is further complicated by the method of
load application which also inﬂuences the solution. For this study the load has been applied as a step function
but this excites the higher modes which proved diﬃcult to damp out and diﬀerent methods are currently under
investigation. Having a good representation of the physical damping also presents diﬃculties as the damping
models available are approximate and diﬃcult to verify experimentally. Abaqus/ExplicitTM implements a Rayleigh damping model that introduces a damping matrix of the form:
C ¼ aM þ bK

ð9Þ

where M is the mass matrix of the model, K is the stiﬀness matrix of the model, and a and b are user deﬁned
factors. Fig. 30 presents a comparison between the dynamic and static simulation of the response during the
snap-through process. Despite some high frequency oscillations shown in the ﬁrst and second part of the diagram, the stiﬀness of the structure after the snap-through (i.e. after a displacement of 90 mm) shows a good
agreement.
7. Concluding remarks
The possibility of tailoring the deformations caused by residual stress ﬁelds relies on the accurate prediction
of the post-curing shape of unsymmetric laminates. The paper presented a methodology to provide a numerical estimate for the equilibrium conﬁgurations of unsymmetric laminates that show multiple equilibrium
states. Three diﬀerent approaches are described and they all show good agreement with each other. Values
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for the critical temperature and the critical load to induce bifurcation are obtained. Monitoring the reaction
forces is also possible to obtain the full equilibrium path that brings the structure from one stable conﬁguration to the other. These results are compared with explicit-dynamic analysis. A further feature which may
prove useful in design is the linear dependence of curvature with temperature which appears to be captured
adequately using classical laminate theory for temperature signiﬁcantly cooler than the critical temperature.
The methodology contained in this paper may be used in the application of multistable composite plates to
morphing aircraft.
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